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CONFLUENCES OF THE PAINLEVE´ EQUATIONS, CHEREDNIK
ALGEBRAS AND Q-ASKEY SCHEME.
MARTA MAZZOCCO†
Abstract. In this paper we produce seven new algebras as confluences of
the Cherednik algebra of type Cˇ1C1 and we characterise their spherical–sub-
algebras.
The limit of the spherical sub-algebra of the Cherednik algebra of type Cˇ1C1
is the monodromy manifold of the Painleve´ VI equation [35]. Here we prove
that by considering the limits of the spherical sub-algebras of our new confluent
algebras, one obtains the monodromy manifolds of all other Painleve´ differ-
ential equations. Moreover, we introduce confluent versions of the Zhedanov
algebra and prove that each of them (quotiented by their Casimir) is isomor-
phic to the corresponding spherical sub-algebra of our new confluent Cherednik
algebras. We show that in the basic representation our confluent Zhedanov
algebras act as symmetries of certain elements of the q-Askey scheme, thus
setting a stepping stone towards the solution of the open problem of finding
the corresponding quantum algebra for each element of the q-Askey scheme.
These results establish a new link between the theory of the Painleve´ equa-
tions and the theory of the q-Askey scheme making a step towards the con-
struction of a representation theoretic approach for the Painleve´ theory.
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1. Introduction
The relationship between the theory of the Painleve´ equations and special or
orthogonal polynomials is a very famous one and could be resumed by saying that
thanks to the τ–function structure of the Painleve´ equations, some of their special
solutions are related to special or orthogonal polynomials either directly, i.e. some
rational solutions of the Painleve´ equations are ratios of special polynomials [50, 49,
36, 37, 38, 32, 34, 51, 47, 9], or indirectly, i.e. some random matrix integrals which
can be expressed by classical orthogonal polynomials have Fredholm determinants
which can be expressed in terms of special solutions of the Painleve´ equations
[46, 3, 14, 4].
It this paper we present a new relation between the theory of the Painleve´ equa-
tions and q-polynomials belonging to the q-Askey scheme [23]. This link does not
rely on the τ -function structure nor on choosing special solutions, it is indeed a
much deeper and more conceptual relation that has allowed the author to discover
seven new confluent Cherednik algebras and to prove several interesting results
about them.
Let us start from the Painleve´ sixth equation [15, 42, 16] which describes the
monodromy preserving deformations of a rank 2 Fuchsian system with four simple
poles a1, a2, a3 and ∞. The solution of this Fuchsian system is in general a multi-
valued analytic vector–function in the punctured Riemann sphere P1\{a1, a2, a3,∞}
and its multivaluedness is described by the so-called monodromy group, i.e. a
subgroup of SL2(C) generated by the images M1,M2,M3 of the generators of the
fundamental group under the anti-homomorphism:
ρ : pi1
(
P
1\{a1, a2, a3,∞}, λ0
)→ SL2(C).
The moduli space M/Γ of monodromy representations ρ up to Jordan equiva-
lence, with prescribed local monodromy (i.e. prescribed conjugacy class for each
M1,M2,M3), is realised as an affine cubic surface [20] which coincides with the
center of the Cherednik algebra of type Cˇ1C1 for q = 1 [35, 11]. In [5] this affine
cubic surface was explicitly quantised leading to the Zhedanov algebra, which is
to be isomorphic [24] to the spherical subalgebra of the Cherednik algebra of type
Cˇ1C1 i.e. the algebra H generated by four elements T0, T1, X,W with the following
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relations1 [7, 39, 33, 43]:
XW =WX = 1,(1.1)
(T1 + ab)(T1 + 1) = 0,(1.2)
(T0 + q
−1cd)(T0 + 1) = 0,(1.3)
(T1X + a)(T1X + b) = 0,(1.4)
(qT0W + c)(qT0W + d) = 0,(1.5)
where a, b, c, d, q ∈ C⋆.
In this paper, we produce seven new algebras as confluences of the Cherednik
algebra of type Cˇ1C1 in such a way that their spherical–sub-algebras tend in the
limit to the monodromy manifolds of all other Painleve´ differential equations:
Definition 1.1. Let a, b, c, q ∈ C⋆. The confluent Cherednik algebras HV ,HIV ,
HIII , HIIID7 , HIIID8 , HII are the unital associative C–algebras generated by four
elements X,W, T0, T1 satisfying the following relations respectively:
• HV :
XW =WX = 1,(1.6)
(T1 + ab)(T1 + 1) = 0,(1.7)
T0(T0 + 1) = 0,(1.8)
(T1X + a)(T1X + b) = 0,(1.9)
qT0W + c = X(T0 + 1),(1.10)
• HIV :
XW =WX = 0,(1.11)
(T1 − b2)(T1 + 1) = 0,(1.12)
T0(T0 + 1) = 0,(1.13)
T1X + b =W (T1 − b2 + 1),(1.14)
qT0W + c = X(T0 + 1),(1.15)
• HIII :
XW =WX = 1,(1.16)
(T1 + ab)(T1 + 1) = 0,(1.17)
T 20 = 0,(1.18)
(T1X + a)(T1X + b) = 0,(1.19)
qT0W −√q = XT0.(1.20)
• HIIID7 :
XW =WX = 1,(1.21)
T1(T1 + 1) = 0,(1.22)
T 20 = 0,(1.23)
T1X + a−W (T1 + 1) = 0,(1.24)
qT0W −√q = XT0,(1.25)
1Note that here W = X−1. However we prefer here to use the notation W as in the confluent
cases the generator X may become singular.
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• HIIID8 :
XW =WX = 1,(1.26)
T1(T1 + 1) = 0,(1.27)
T 20 = 0,(1.28)
T1X −W (T1 + 1) = 0,(1.29)
qT0W −√q = XT0.(1.30)
• HII :
XW =WX = 0,(1.31)
(T1 − b2)(T1 + 1) = 0,(1.32)
T0(T0 + 1) = 0,(1.33)
T1X =W (T1 − b2 + 1),(1.34)
qT0W −√q = X(T0 + 1).(1.35)
It is worth noting that in the above definition, we have three different algebras
corresponding to three different types of the third Painleve´ equation [41].
The next set of results regards equivalent presentations for these confluent alge-
bras. For the Cherednik algebra of type Cˇ1C1 the following result is well known
[33]:
Lemma 1.2. [33, 35] The Cherednik algebra of type Cˇ1C1 is isomorphic as algebra
to the unital associative C–algebra with generators V0, Vˇ0, V1, Vˇ1 and relations:
(V0 − k0)(V0 + k−10 ) = 0(1.36)
(V1 − k1)(V1 + k−11 ) = 0(1.37)
(Vˇ0 − u0)(Vˇ0 + u−10 ) = 0(1.38)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0(1.39)
Vˇ1V1V0Vˇ0 = q
−1/2,(1.40)
where k0, k1, u0, u1, q ∈ C⋆. The isomorphism is explicitly given by
(1.41) φ(T0) = k0V0, φ(T1) = u1Vˇ1, φ(X) = q
1/2V0Vˇ0, φ(W ) = Vˇ1V1,
and for the parameters
(1.42) a = −u1
k1
, b = k1u1, c = −q 12 k0
u0
, d = q1/2u0k0.
In Theorem 3.2 we prove that all the confluent algebras HV , . . . ,HII are also
isomorphic as algebras to some unital associative C–algebras with generators V0,
Vˇ0, V1, Vˇ1 and confluent analogues of the relations (1.36,1.37,1.38,1.39,1.40). This
allows to produce one further confluent algebra that was not visible in the previous
presentation:
Definition 1.3. Let q ∈ C⋆. The confluent Cherednik algebra HI is the algebra
with generators V0, Vˇ0, V1, Vˇ1 and relations:
V0(V0 + 1) = 0(1.43)
V 21 = 0(1.44)
Vˇ0(Vˇ0 + 1) = 0(1.45)
Vˇ1(Vˇ1 + 1) = 0(1.46)
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q1/2Vˇ1V1V0 = Vˇ0 + 1,(1.47)
V0Vˇ0 = 0,(1.48)
Next, we deal with the spherical sub–algebras of each confluent Cherednik alge-
bra. We start by selecting a symmetriser e and three special elements denoted by
X1, X2, X3 such that [e,Xi] = 0, i = 1, 2, 3, and such that Xˆi := eXi, i = 1, 2, 3,
generate the spherical sub–algebras of each confluent Cherednik algebra. We prove
that such elements X1, X2, X3 satisfy a cubic relation (see Propositions 4.1, 4.4, 4.7,
4.11, 4.15, 4.18, 4.21) and that in the limit such cubic relations coincide with the
monodromy manifolds of the corresponding Painleve´ equations as defined in [40, 48]
(see Corollaries 4.2, 4.5, 4.8, 4.12, 4.16, 4.19, 4.22). In other words, one could say
that the confluent Cherednik algebras introduced in this paper are such that their
spherical sub–algebras produce a quantisation of the monodromy manifolds of the
respective Painleve´ equations.
In order to link the spherical sub–algebras eHV e, . . . , eHIe to the q-Askey scheme,
we first need to introduce the confluent versions of the Zhedanov algebra Z given
in Definition 2.2 in Subsection 2.2 here below [52]:
Definition 1.4. The confluent Zhedanov algebras ZV , ZIV , ZIII , ZD7III , ZD8III , ZII ,
ZI are the algebras generated by three elements K0, K1 and K2 which satisfy the
following relations:
q
1
2K0K1 − q− 12K1K0 = K2,(1.49)
q
1
2K1K2 − q− 12K2K1 = BK1 + C0K0 +D0,(1.50)
q
1
2K2K0 − q− 12K0K2 = BK0 +D1,(1.51)
where the parameters B,C0, D0, D1 are arbitrary non zero constants, or have a
specific form according to the following table:
B =

arbitrary for ZV ,ZIV ,ZIII ,ZII ,
− (q−1)2q for ZD7III ,ZD8III ,
− (q−1)2√q for ZI ,
C0 =
{ (
q − 1q
)2
, for ZV ,ZIII ,ZD7III ,ZD8III ,
0, for ZIV ,ZII ,ZI
D0 =
{
arbitrary for ZV ,ZIV ,ZIII ,ZD7III ,ZII
0 for ZD8III ,ZI
(1.52)
D1 =
{
arbitrary, for ZV ,ZIV ,
0, for ZIII ,ZD7III ,ZD8III ,ZII ,ZI .
In Theorem 6.2, we prove that the spherical sub-algebras of our confluent Chered-
nik algebras are isomorphic to the corresponding confluent Zhedanov algebras quo-
tiented over their Casimir.
In order to prove Theorem 6.2 we provide an embedding for each (confluent)
Cherednik algebras H,HV ,HIV ,HIII ,HII and HI in Mat(2,Tq), where Tq is the
rank 2 quantum torus, i.e. the ring of Laurent polynomials in x, y, q with com-
mutation relations xy = qyx, qx = xq, qy = yq (see Theorems 5.2,5.3,5.4,5.5,5.6).
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These embeddings show that all of these algebras are Azumaya of rank 2 (for H,
already appeared in [35])2.
Finally, we give a faithful representation of the confluent Zhedanov algebras
ZV ,ZIII , ZD7III ,ZD8III on the space of symmetric Laurent polynomials and of the
confluent Zhedanov algebras HIV ,HII and HI on the space of polynomials and
prove that specific elements of the q-Askey scheme arise as eigenvectors of one of
the operators in such representations.3 There results are schematically resumed in
figure 1.
Askey–Wilson
ZV I
ZV
Big q-Jacobi Continuous dual q–Hahn
Big q–Laguerre
ZIV
Al Salam–Chihara
ZIII
Little q–Laguerre
ZII
Little q–Laguerre with a = 0
ZI
Continuous big q–Hermite
ZD7III
Continuous q–Hermite
ZD8III
Figure 1. The confluence scheme for the Zhedanov algebras and
the polynomials in the q-Askey scheme. Note that each confluent
Zhedanov algebra is labelled by the Painleve´ equation whose the
monodromy manifold arises as its semiclassical limit.
Note that for ZV we have two different faithful representations corresponding
to the continuous dual q–Hahn polynomials and to the big q–Jacobi polynomials,
which is due to an algebra automorphism of H which under confluence produces
an algebra isomorphic to HV as described in sub–section 3.1 and in Lemma 6.7.
This algebra isomorphism reflects the duality between continuous dual q–Hahn
polynomials and big q–Jacobi polynomials [27]. The author conjectures that all
families of polynomials in the left side of the q-Askey scheme can be obtained with
a similar construction from confluences of the algebra automorphisms of H.
2The author is grateful to Pavel Etingof for this observation.
3The basic representation for the algebras ZV , ZIII , Z
D7
III
, ZD8
III
can be found in [29].
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Remark 1.5. In [8], Cherednik introduced a Whittaker limit on difference spher-
ical functions and correspondingly introduced a notion of nil-DAHA for the root
system An. The confluent Cherednik algebras defined in the current paper are a
concatenation of Whittaker-type limits in the case of root system C1.
4
This paper is organised as follows: In Section 2, we recall some background ma-
terial on the theory of the Cherednik algebra of type Cˇ1C1. In Section 3, we explain
how to derive our confluent Cherednik algebras and give some equivalent presenta-
tions for them. In Section 4, we discuss the spherical sub–algebras and show that the
generators satisfy a cubic relation which in the limit coincides with the monodromy
manifolds of the corresponding Painleve´ equations. In Section 5 we provide an em-
bedding for each (confluent) Cherednik algebras H,HV ,HIV ,HIII ,HII and HI in
Mat(2,Tq), where Tq is the rank 2 quantum torus. In Section 6, we prove that each
spherical sub-algebra is isomorphic to the corresponding confluent Zhedanov alge-
bra quotiented by its Casimir and show that the latter act as symmetries of some
elements of the q-Askey scheme. In the appendix we list the Painleve´ monodromy
manifolds.
2. Notation and background on the Cherednik algebra of type Cˇ1C1
In this section we recall some backgroundmaterial on the theory of the Cherednik
algebra of type Cˇ1C1 and the relation due to Koornwinder [24, 25] between its
spherical sub–algebra and Askey–Wilson polynomials. Throughout this section we
assume qm 6= 1, for all m ∈ Z.
2.1. Automorphisms of the Cherednik algebra of type Cˇ1C1. The automor-
phisms of the Cherednik algebra of type Cˇ1C1 were studied in [33, 43]. Here we list
the ones that will be used in this paper:
Proposition 2.1. The following transformations are automorphisms of the Chered-
nik algebra of type Cˇ1C1:
β :

T0 → − qcWT0 −
(
1 + dc
)
,
T1 → T1,
X → X,
a → a,
b → b,
c → qc ,
d → d,
γ :

T0 → bT−11 W,
T1 → T1,
X →
√
abcd
q T
−1
1 WT
−1
0 X,
a →
√
abcd
q ,
b → −
√
qab
cd ,
c → −
√
qbc
ad ,
d →
√
qbd
ac .
(2.53)
4The author is grateful to P. Etingof for pointing this out to her.
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It is worth noticing that in the limit q → 1 these automorphisms correspond to
the action of the braid group on the monodromy matrices associated to the sixth
Painleve´ equation [30].
2.2. Zhedanov algebra and Askey Wilson polynomials. Let us remind the
definition of Zhedanov algebra:
Definition 2.2. [52] Let B,C0, C1, D0, D1 ∈ C. The Zhedanov algebra Z is the
algebra generated by three elements K0, K1 and K2 which satisfy the following
relations:
q
1
2K0K1 − q− 12K1K0 = K2,(2.54)
q
1
2K1K2 − q− 12K2K1 = BK1 + C0K0 +D0,(2.55)
q
1
2K2K0 − q− 12K0K2 = BK0 + C1K1 +D1.(2.56)
Note that this algebra admits the following Casimir
C := q− 12 (1− q2)K0K1K2 + qK22 +B(K0K1 +K1K0) + qC0K20 +
+
C1
q
K21 + (1 + q)D0K0 + (1 +
1
q
)D1K1.(2.57)
The Zhedanov algebra depends on 5 parameters, but we can choose two of them
arbitrarily, for example C1 and C0 by rescaling the generators. The quotient algebra
Z(C0) = Z/〈C = C0〉 therefore depends on 4 independent parameters (one of them
being the value of C0).
In [24] Koornwinder defined an embedding of the central extension of the Zhedanov
algebra Z(C0), into the Cherednik algebra H of type Cˇ1C1. This result was then
generalised to the universal Askey–Wilson algebra defined in [44] and [45].
Without going into too much detail, let us recall the main ingredients of Koorn-
winder embedding. Let us express the Zhedanov algebra structure constants by the
parameters a, b, c, d:
B =
(q − 1)2
q
((
1 +
ab
q
)(
d
c
+ 1
)
c+
(
b
a
+ 1
)(
1 +
cd
q
)
a
)
,
C0 =
(
q − 1
q
)2
, C1 =
abcd
q
(
q − 1
q
)2
D0 = − (q + 1)(q − 1)
2
q
((
b
a
+ 1
)(
d
c
+ 1
)
ac
q
+
(
1 +
ab
q
)(
1 +
cd
q
))
,
D1 = − (q + 1)(q − 1)
2
q2
((
b
a
+ 1
)(
1 +
ab
q
)
acd+
(
d
c
+ 1
)(
1 +
cd
q
)
abc
)
,
then Z(C0) admits the following representation on the space Lsym of symmetric
Laurent polynomials [24, 26]:
(K1f)[x] := (x+
1
x
)f [x],(2.58)
(K0f)[x] :=
(1− ax)(1 − bx)(1 − cx)(1 − dx)
(1− x2)(1− qx2) (f [qx]− f [x]) +
+
(a− x)(b − x)(c − x)(d− x)
(1− x2)(q − x2) (f [q
−1x]− f [x]) +(2.59)
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+(1 +
abcd
q
)f [x].
We don’t list here the representation for the operator K2 as this can be obtained
by applying relation (2.54).
The Askey Wilson polynomials (we write them here in monic form like in [24]):
Pn(x; a, b, c, d) :=
(ab, ac, ad; q)n
an(abcdqn−1; q)n
4φ3
(
q−n, qn−1abcd, ax, ax−1
ab, ac, ad
; q, q
)
,
are eigenfunctions of the K0 operator:
K0Pn = (q
−n + abcdqn−1)Pn.
The reduction from the space L of Laurent polynomials to the space Lsym of
symmetric Laurent polynomials is due to the action of the symmetriser of H:
(2.60) e :=
1 + i
√
abVˇ1
1− ab
which allowed Koornwinder to establish the isomorphism between a central exten-
sion Z˜(C0) and the spherical sub-algebra eHe of H. We discuss this result and the
link with the PVI monodromy manifold in the next subsection.
2.3. An important cubic relation and the spherical sub-algebra eHe. The
following result plays an important role in this paper:
Proposition 2.3. The following three elements:
X1 = X +W, X2 =
√
abcd
q T
−1
0 T
−1
1 +
√
q
abcdT1T0,(2.61)
X3 = q
√
abcd
(
1
abcdWT0T1 +
1
abcdXT1T0 +
(
1
a +
1
b
)
1
cdT0 +
(
1
c +
1
d
)
1
abqT1
)
,
commute with e and satisfy the quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 −
−
(
q
1
2 − q− 12
)(
k0k1 − u0
(
i√
qab
T1 + i
√
qabT−11
))
,(2.62)
q
1
2X3X2 − q− 12X2X3 =
(
q − 1
q
)
X1 −
−
(
q
1
2 − q− 12
)(
k0u0 − k1
(
i√
qab
T1 + i
√
qabT−11
))
,(2.63)
q
1
2X1X3 − q− 12X3X1 =
(
q − 1
q
)
X2 −
−
(
q
1
2 − q− 12
)(
k1u0 − k0
(
i√
qab
T1 + i
√
qabT−11
))
,(2.64)
and the quantum cubic relation:
q
1
2X2X1X3 − qX22 −
1
q
X21 − qX23 +
√
q
(
k1u0 − k0
(
i√
qab
T1 + i
√
qabT−11
))
X2 +
+
1√
q
(
u0k0 − k1
(
i√
qab
T1 + i
√
qabT−11
))
X1 +
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+
√
q
(
k0k1 − u0
(
i√
qab
T1 + i
√
qabT−11
))
X3 +(2.65)
+k
2
0 + k
2
1 + u
2
0 − u21 + 2
(
q +
1
q
)
+ (
q + 1√
q
u1 − k0k1u0)
(
i√
qab
T1 + i
√
qabT−11
)
,
where:
u0 = u0 − 1
u0
= i
√
d
c
+ i
√
c
d
, k0 = k0 − 1
k0
= i
√
cd
q
+ i
√
q
cd
,(2.66)
u1 = u1 − 1
u1
= i
√
ab+ i
1√
ab
, k1 = k1 − 1
k1
= i
√
b
a
+ i
√
a
b
.
Proof. Relations (2.62) are proved in [19] (see also [10]). The only proof the author
could find of this cubic relation (2.65) is in [10] for the case u0 = u1 = k0 = k1 = 0.
To prove it in the generic case, we use the following substitutions which can be
easily be derived from (1.2,1.3,1.4) and (1.5):
T 21 = −(ab+ 1)T1 − ab, T 20 = −(cd/q + 1)T0 −
cd
q
T1X =WT1 + (1 + ab)W − (a+ b),(2.67)
T1W = XT1 − (1 + ab)W + a+ b,
T0X = qWT0 + c+ d− (1 + cd/q)X,
T0W =
1
q
XT0 +
1
q
(1 + cd/q)X − 1
q
(c+ d).
Using these relations recursively, it is a straightforward computation to eliminate
all higher powers in T0 and T1 and to bring all X and W to the left and eventually
obtain the statement. 
The following lemma characterises the spherical–subalgebra eHe:
Corollary 2.4. [25, 10, 19] The elements Xˆi = eXie, i = 1, 2, 3, where X1, X2, X3
are defined by (2.61), generate the spherical sub-algebra eHe, they satisfy the quan-
tum commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
ω3e,(2.68)
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 =
(
q − 1
q
)
Xˆ1 −
(
q
1
2 − q− 12
)
ω1e,(2.69)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 =
(
q − 1
q
)
Xˆ2 −
(
q
1
2 − q− 12
)
ω2e,(2.70)
and the following cubic relation:
(2.71) q
1
2 Xˆ2Xˆ1Xˆ3−qXˆ22−q−1Xˆ21−qXˆ23+
√
qω2Xˆ2+
1√
q
ω1Xˆ1+
√
qω3Xˆ3−ω4e = 0.
where
ω1 = u0k0 + ik1
(√
ab
q
+
√
q
ab
)
,
ω2 = k1u0 + ik0
(√
ab
q
+
√
q
ab
)
,(2.72)
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ω3 = k0k1 + iu0
(√
ab
q
+
√
q
ab
)
,
ω4 = k
2
0 + k
2
1 + u
2
0 −
(√
ab
q
+
√
q
ab
)2
− ik0k1u0
(√
ab
q
+
√
q
ab
)
+
(1 + q)2
q
,
where k0, k1, u0, u1 are defined in (2.66).
Lemma 2.5. [35] In the limit q → 1, X1, X2, X3 satisfy the following cubic relation:
X1X2X3 −X21 −X22 −X23 + (u0k0 + u1k1)X1 + (k1u0 + k0u1)X2 +
+(k0k1 + u0u1)X3 + k
2
0 + k
2
1 + u
2
0 + u
2
1 − k0k1u0u1 + 4 = 0.
Remark 2.6. This cubic is also known as the monodromy manifold of the sixth
Painleve´ equation (see Appendix A). In this paper we will obtain similar cubic
relations for the spherical subalgebras of each confluent Cherednik algebra and
we will show that in the classical limit each of these cubic relations produces the
monodromy manifold of the corresponding Painleve´ equation.
3. Derivation and first properties of the confluent Cherednik
algebras
The procedure to derive the confluent Cherednick algebras given in Definition
1.1 can be resumed in two main roads, i.e. HV I → HV → HIII → HD7III → HD8III
and HV I → HV → HIV → HII → HI . In the first road we make T0 more and
more singular, then we make T1 more and more singular, while keeping X and
W invertible. In the second road we make X and W singular, then T0 more and
more singular. To reach HI however, we need to swap to the Noumi–Stokman
presentation of the algebra HV I otherwise we end up by loosing a generator. For
this reason in this section we start by giving the Noumi–Stokman presentation for
the algebras HV I ,HV ,HIV ,HIIIHII , then we explain our derivation procedure
more in detail.
Remark 3.1. As pointed out to the author by T. Koornwinder, there always
is a degree of arbitrariness in such a confluence procedure. However there are
two very strong mechanisms to remove such arbitrariness: the first one is that
many confluences lead to algebras with too many relations and therefore are to
be discarded. The second is that many different confluences give rise to algebras
which are equivalent by an algebra isomorphism as in the case of HV . In this paper
we impose a specific degeneration scheme for the cubic relations satisfied by the
generators of the spherical sub–algebras such that in the limit they give rise to
the Poisson relations on the monodromy manifolds of the Painleve´ equations (see
Section 4).
Theorem 3.2. Let k1, u0, u1, q ∈ C⋆. The confluent Cherednik algebras HV ,HIV ,
HIII ,HII are isomorphic as algebras to the associative C–algebra with generators
V0, Vˇ0, V1, Vˇ1 and relations:
• HV :
V 20 + V0 = 0,(3.73)
(V1 − k1)(V1 + k−11 ) = 0,(3.74)
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Vˇ0
2
+ u−10 Vˇ0 = 0,(3.75)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0,(3.76)
q1/2Vˇ1V1V0 = Vˇ0 + u
−1
0 ,(3.77)
q1/2Vˇ0Vˇ1V1 = V0 + 1.(3.78)
• HIV :
V 20 + V0 = 0,(3.79)
V 21 + V1 = 0,(3.80)
Vˇ0
2
+
1
u0
Vˇ0 = 0,(3.81)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0,(3.82)
q1/2Vˇ1V1V0 = Vˇ0 + u
−1
0 ,(3.83)
Vˇ0Vˇ1V1 = 0,(3.84)
V0Vˇ0 = 0.(3.85)
• HIII :
V 20 = 0,(3.86)
(V1 − k1)(V1 + k−11 ) = 0,(3.87)
Vˇ0
2
+ Vˇ0 = 0,(3.88)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0,(3.89)
q1/2Vˇ1V1V0 = Vˇ0 + 1,(3.90)
q1/2Vˇ0Vˇ1V1 = V0.(3.91)
• HII :
V 20 = 0,(3.92)
V 21 + V1 = 0,(3.93)
Vˇ0
2
+ Vˇ0 = 0,(3.94)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0,(3.95)
q1/2Vˇ1V1V0 = Vˇ0 + 1,(3.96)
Vˇ0Vˇ1V1 = 0,(3.97)
V0Vˇ0 = 0.(3.98)
Proof. To avoid repeating the proof three times we use the following conventions:
u0 =
√
q for HIII
u0 = 1 for HII
k1 = 1 for HIV ,HII .
It is enough to give relations between the generators V0, V1, Vˇ0, Vˇ1 and X,W, T0, T1:
T0 = V0, T1 = u1Vˇ1, W = Vˇ1V1,
X =
{
(V1 + k
−1
1 − k1)(Vˇ1 + u−11 − u1), for HV and HIII
(V1 + 1)(Vˇ1 + u
−1
1 − u1), for HIV ,
(3.99)
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and for the parameters:
(3.100) a = −u1
k1
, b = k1u1, c = −q 12 1
u0
.
Viceversa:
(3.101) V0 = T0, Vˇ1 =
1
u1
T1, Vˇ0 = q
1/2WT0 − 1
u0
, V1 = u1T
−1
1 W,
where
(3.102) T−11 = −
1
ab
T1 − (1 + 1
ab
).

3.1. Derivation of HV . The derivation procedure is more transparent in Noumi–
Stokman representation. Start from H and choose to rescale V0 and Vˇ0. Then
(1.40) will become singular, so before taking the limit we replace it by:
√
q Vˇ1V1V0 = Vˇ0 − u0, √q Vˇ0Vˇ1V1 = V0 − k0.
Now rescale: V0 → 1εV0, Vˇ0 → 1ε Vˇ0, k0 → ε, and u0 → εu0. Then the defining
relations (1.36,1.38,1.40) become
1
ε2
(V0 − ε2)(V0 + k−10 ) = 0,
1
ε2
(Vˇ0 − ε2u0)(Vˇ0 + u−10 ) = 0,
1
ε
√
qVˇ1V1V0 =
1
ε
Vˇ0 +
1
ε
u−10 ,
1
ε
√
qVˇ0Vˇ1V1 =
1
ε
V0 +
1
ε
k−10 .
and in the limit ε → 0 we obtain HV . Observe that the new V0 and Vˇ0 are no
longer invertible and q has not been rescaled - differently from the case of rational
Cherednik algerbas [2, 18].
We can derive HV also in another way: choose to rescale V1 and Vˇ0. Then (1.40)
will become singular and needs to be replaced by:
√
q V0Vˇ0Vˇ1 = Vˇ1 − k1 √q Vˇ1V1V0 = Vˇ0 − u0, .
Now rescale: V1 → 1εV1, Vˇ0 → 1ε Vˇ0, k1 → − 1ε , and u0 → εu0. Then the defining
relations (1.37,1.38,1.40) become
1
ε2
(V1 + 1)(V1 − ε2) = 0,
1
ε2
(Vˇ0 − ε2u0)(Vˇ0 + u−10 ) = 0,
1
ε
√
q V0Vˇ0Vˇ1 =
1
ε
V1 +
1
ε
1
ε
√
q Vˇ1V1V0 =
1
ε
Vˇ0 +
1
ε
u−10 .
By taking the limit ε→ 0 we obtain the following algebra HγV :
(V0 − k0)(V0 + k−10 ) = 0(3.103)
(V1 + 1)V1 = 0(3.104)
Vˇ0
2
+ u−10 Vˇ0 = 0(3.105)
(Vˇ1 − u1)(Vˇ1 + u−11 ) = 0(3.106)
q1/2Vˇ1V1V0 = Vˇ0 + u
−1
0(3.107)
q1/2V0Vˇ0Vˇ1 = V1 + 1(3.108)
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This algebra is the image of HV in the (3.73-3.78) presentation by the following
isomorphism γ:
(3.109)
γ(Vˇ1, V1, V0, Vˇ0) = (Vˇ1, V1V0V
−1
1 , V1, Vˇ0), γ(u1, k1, k0, u0) = (u1, k
−1
0 , k1, u0),
where we pick k0 = 1. In Sahi presentation the algebra HγV takes the following
form:
XW =WX = 0,(3.110)
(T1 − a2)(T1 + 1) = 0,(3.111)
(T0 +
bc
q
)(T0 + 1) = 0,(3.112)
T1X − a =W (T1 + 1− a2),(3.113)
qT0W + c = X(T0 + 1 +
bc
q
),(3.114)
which is the image of HV under the isomorphism:
γ(T0, T1, X,W ) = (bT
−1
1 W,T1, i
√
abT−11 W (T0 + 1)X,−
i√
ab
WT0XT1),(3.115)
γ(a, b, c) = (i
√
ab, ic
√
b
a
,−i q
c
√
b
a
).
Note that this fact has an interesting consequence in terms of q–polynomials: we
shall see in Section 6 that the spherical sub-algebra of HV acts as symmetries both
on the continuous dual q–Hahn polynomials and the big q–Jacobi polynomials.
3.2. Derivation of HIV , HIII , HII , HI . Again, the derivation procedure is more
transparent in Noumi–Stokman representation. In each case we do a rescaling and
then take the limit ε→ 0:
The algebra HIV is obtained from HγV by rescaling V0 → 1εV0 and Vˇ0 → 1ε Vˇ0,
k1 → ε, and u0 → εu0.
The algebra HIII is obtained from HV by rescaling V0 → 1εV0, Vˇ0 → 1ε Vˇ0 and
u0 → ε√q.
The algebraHII is obtained fromHIV by rescaling Vˇ0 → 1ε Vˇ0, V1 → 1εV1 u0 → ε.
The algebra HI is obtained from HII by rescaling Vˇ1 → 1ε Vˇ1, Vˇ0 → 1ε Vˇ0 and
u1 → ε.
3.3. Derivation of HIIID7 , and HIIID8 . In this case we don’t have a Noumi–
Stokman representation. We start form HIII in the presentation (1.16. . . ,1.20).
Rewrite relation (1.19) by using (1.17):
T1X + (a+ b) =W (T1 − (a+ b)).
Then take the limit as b→ 0 to obtain (1.21,. . . 1.25).
Analogously, starting from (1.21,. . . 1.25) and taking a → 0, we obtain the
HIIID8 algebra.
4. Confluent spherical sub–algebras and Painleve´ cubics
In this section we give the confluent version of the results of section 2.3 for
each algebra HV ,HIV ,HIII ,HIIID7 ,HIIID8 ,HII ,HI to produce in each case the
appropriate cubic surface as limit of the spherical subalgebras. In each case we will
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select a idempotent element e and define the spherical sub-algebra to be eHde. We
will prove all results in the first case, namely HV and its spherical sub-algebra. The
proofs in all other cases follow the same principles and we omit them for brevity.
Throughout this section we assume qm 6= 1 for all m ∈ Z.
4.1. Spherical sub–algebra of HV and PV monodromy manifold.
Proposition 4.1. The following three elements:
X1 = X +W, X2 = i
√
ab(T0 + 1)T
−1
1 − i
√
1
abT1T0,(4.116)
X3 = −i
√
abq
(
1
abWT0T1 +
1
abXT1T0 +
(
1
a +
1
b
)
T0 +
c
abqT1
)
,
commute with e = 1+T11−ab , satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 +
+
(
q
1
2 − q− 12
)(
k1 +
c√
q
(
i√
qab
T1 + i
√
qabT−11
))
,(4.117)
q
1
2X3X2 − q− 12X2X3 =
(
q
1
2 − q− 12
) c√
q
,
q
1
2X1X3 − q− 12X3X1 =
(
q − 1
q
)
X2 −
−
(
q
1
2 − q− 12
)(
k1
c√
q
+
(
i√
qab
T1 + i
√
qabT−11
))
,
and the quantum cubic relation:
q
1
2X2X1X3 − qX22 − qX23 +
√
q
(
−k1 − c√
q
(
i√
qab
T1 + i
√
qabT−11
))
X3 −
− c
q
X1 +
√
q
(
k1
c√
q
+
(
i√
qab
T1 + i
√
qabT−11
))
X2 +
+1+
c2
q
− c√
q
k1
(
i√
qab
T1 + i
√
qabT−11
)
= 0,(4.118)
where k1 = i
√
b
a + i
√
a
b .
Proof. To prove the quantum commutation relations and the cubic relation we use
the following substitutions which can be easily be derived from (1.7,1.8,1.9) and
(1.10):
T 21 = −(ab+ 1)T1 − ab, T 20 = −T0
T1X =WT1 + (1 + ab)W − (a+ b),(4.119)
T1W = XT1 − (1 + ab)W + a+ b,
T0X = qWT0 + c−X,
T0W =
1
q
XT0 +
1
q
X − c
q
.
Using these relations recursively, it is a straightforward computation to eliminate
all higher powers in T0 and T1 and to bring all X and W to the left and eventually
obtain the statement. 
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Corollary 4.2. In the limit q → 1 the elements X1, X2, X3 belong to the centre
of HV and the cubic relation (4.118) tends to the PV monodromy manifold (see
Appendix A):
(4.120)
X1X2X3−X22 −X23 − cX1−
(
u1 − ck1
)
X2−
(−cu1 + k1)X3+1+ c2 + ck1u1 = 0.
Proof. Observe that in the limit q → 1,
i√
qab
T1 + i
√
qabT−11 → −
i(1 + ab)√
ab
= −iu1,
so that we obtain (4.120) by substituting q = 1 and i√
qab
T1+i
√
qabT−11 → − i(1+ab)√ab
by −iu1 in (4.118). 
Corollary 4.3. Let e = 1+T11−ab , then the elements Xˆi = eXie, i = 1, 2, 3, where
X1, X2, X3 are defined by (4.116), generate the spherical sub-algebra eHV e, they
satisfy the quantum commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
ω3e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = −
(
q
1
2 − q− 12
)
ω1e,(4.121)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 =
(
q − 1
q
)
Xˆ2 −
(
q
1
2 − q− 12
)
ω2e,
and the quantum cubic relation:
(4.122) q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ22 − qXˆ23 +
√
qω2Xˆ2 +
1√
q
ω1Xˆ1 +
√
qω3Xˆ3 − ω4e = 0,
where
ω1 = − c√
q
, ω2 =
c√
q
k1 − i
(√
ab
q
+
√
q
ab
)
,
ω3 = −k1 + i c√
q
(√
ab
q
+
√
q
ab
)
,(4.123)
ω4 = 1 +
c2
q
+ i
ck1√
q
(√
ab
q
+
√
q
ab
)
.
Proof. The fact that Xˆ1, Xˆ2, Xˆ3 and e generate the spherical sub-algebra eHV
follows easily from the following relations
eT0e =
i
√
ab
1− abXˆ2 −
1
1− abe, eT1e = −abe, eXe =
1
1− abXˆ1 −
a+ b
1− abe,
which can be proved as in the proof of Proposition 4.1.
To prove the quantum commutation relations (4.121) it is enough to observe
that e is idempotent and to prove that X1, X2, X3 commute with e. Indeed if this
is true, we can just multiply (4.117) by e and use the fact that eXiXj = e
2XiXj =
eXieXj = XˆiXˆj . In a similar way we can prove (4.122) by multiplying (4.118) by
e three times.
So we only need to prove that [e,X1,2] = 0:
(1− ab)[e,X1] = [1 + T1, X +W ] = T1X + T1W −XT1 −WT1 =
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= (WT1 + (1 + ab)W − (a+ b)) + (XT1 − (1 + ab)W + a+ b)−XT1 −WT1 = 0.
(1− ab)[e,X2] = [1 + T1, i
√
ab(T0 + 1)T
−1
1 − i
√
1
ab
T1T0] =
= i
√
abT1(T0 + 1)T
−1
1 − i
√
1
ab
T 21 T0 − i
√
abT0(T0 + 1)− i
√
1
ab
T0T1T0 =
= −i
√
abT1(T0 + 1)(
1
ab
T1 +
1 + ab
ab
)− i
√
1
ab
(−(ab + 1)T1 − ab)T0 − i
√
1
ab
T0T1T0 = 0.
This concludes the proof. 
4.2. Spherical sub–algebra of HIV and PIV monodromy manifold.
Proposition 4.4. The following three elements:
X1 = X +W, X2 = i
√
ab(T0 + 1)T
−1
1 − i
√
1
abT1T0,(4.124)
X3 = −i
√
q
ab
(
WT0T1 +XT1T0 − i
√
abT0 +
c
qT1
)
(4.125)
commute with e = 1+T11−ab , satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 +
+
(
q
1
2 − q− 12
)(
−1 + c√
q
(
i√
qab
T1 + i
√
qabT−11
))
,
q
1
2X3X2 − q− 12X2X3 =
(
q
1
2 − q− 12
) c√
q
,
q
1
2X1X3 − q− 12X3X1 =
(
q
1
2 − q− 12
) c√
q
,
and the quantum cubic relation:
q
1
2X2X1X3 − qX23 − cX2 −
c
q
X1 +
c2
q
+
c√
q
(
i√
qab
T1 + i
√
qabT−11
)
+
+
√
q
(
1− c√
q
(
i√
qab
T1 + i
√
qabT−11
))
X3.(4.126)
Corollary 4.5. In the limit q → 1 the elements X1, X2, X3 belong to the centre
of HIV and the cubic relation (4.126) tends to the PIV monodromy manifold (see
Appendix A):
(4.127) X1X2X3 −X23 − cX1 − cX2 + (1 +
c
b
− cb)X3 + c(c+ b− 1
b
) = 0.
Corollary 4.6. The elements Xˆi = eXie, i = 1, 2, 3, where X1, X2, X3 are defined
by (4.124), generate the spherical sub-algebra eHe, satisfy the quantum commuta-
tion relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
ω3e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = −
(
q
1
2 − q− 12
)
ω1e,(4.128)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 = −
(
q
1
2 − q− 12
)
ω2e,
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and the quantum cubic relation
q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ23 +
√
qω2Xˆ2 +
1√
q
ω1Xˆ1 +
√
qω3Xˆ3 + ω4e = 0,(4.129)
where
(4.130)
ω1 = ω2 = − c√
q
, ω3 = 1+
c√
q
i
(√
ab
q
+
√
q
ab
)
, ω4 =
c2
q
− c√
q
i
(√
ab
q
+
√
q
ab
)
.
4.3. Spherical sub–algebra of HIII and PIII monodromy manifold.
Proposition 4.7. The following three elements:
X1 = X +W, X2 = i
√
abT0T
−1
1 − i
√
1
abT1T0,(4.131)
X3 = −i
√
abq
(
1
abWT0T1 +
1
abXT1T0 +
(
1
a +
1
b
)
T0 − 1abqT1
)
,(4.132)
commute with e = 1+T11−ab , satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 − q− 12
(
q
1
2 − q− 12
)( i√
qab
T1 + i
√
qabT−11
)
,
q
1
2X3X2 − q− 12X2X3 = 0,
q
1
2X1X3 − q− 12X3X1 =
(
q − 1
q
)
X2 +
(
q
1
2 − q− 12
)
q−
1
2 k1,
and the quantum cubic relation:
(4.133) q
1
2X2X1X3− qX22 − qX23 −k1X2+
(
i√
qab
T1 + i
√
qabT−11
)
X3+1/q = 0,
where k1 = i
√
b
a + i
√
a
b .
Corollary 4.8. In the limit q → 1 the elements X1, X2, X3 generate the centre
of HIII and the cubic relation (4.133) tends to the PIII monodromy manifold (see
Appendix A):
(4.134) X1X2X3−X22 −X23 −
(
i
√
b
a
+ i
√
a
b
)
X2−
(
i
√
ab+ i
1√
ab
)
X3 +1 = 0.
Corollary 4.9. The elements Xˆi = eXie, i = 1, 2, 3, where X1, X2, X3 are de-
fined by (4.131), generate the spherical sub-algebra eHe, they satisfy the quantum
commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
ω3e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = 0,(4.135)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 =
(
q − 1
q
)
Xˆ2 −
(
q
1
2 − q− 12
)
ω2e,
and the quantum cubic relation:
(4.136) q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ22 − qXˆ23 +
√
qω2Xˆ2 +
√
qω3Xˆ3 + e = 0,
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where
ω2 = − i√
q
(√
b
a
− i
√
a
b
)
, ω3 = − i√
q
(√
ab
q
+
√
q
ab
)
.
4.4. Spherical sub–algebra of HIIID7 and PIIID7 monodromy manifold.
Lemma 4.10. The generators X,W, T0, T1 of the confluent Cherednik algebra HD7III
satisfy the following relations
T1XT1 = −aT1, (T1 + 1)W (T1 + 1) = a(T1 + 1),(4.137)
T0WT0 = −1
q
T0, T0XT0 = T0.(4.138)
Proposition 4.11. The following three elements:
X1 = X +W,
X2 = T1T0 + T0(T1 + 1)(4.139)
X3 =
q
q2 − 1
(
q1/2X2X1 − q−1/2X1X2
)
− 1
q + 1
((√
q − 1√
q
)
T1 +
√
q
)
,
commute with e = 1 + T1, they satisfy the quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 +
q − 1
q
((√
q − 1√
q
)
T1 +
√
q
)
,
q
1
2X3X2 − q− 12X2X3 = 0,(4.140)
q
1
2X1X3 − q− 12X3X1 = (q − 1
q
)X2 − q − 1
q
a,
and the quantum cubic relation:
(4.141) q
1
2X2X1X3 − qX22 − qX23 + aX2 + (q−
1
2 T1 − q 12 (T1 + 1))X3 = 0.
Corollary 4.12. In the limit q → 1, the elements X1, X2, X3 become central
and the cubic relation (4.141) tends to the the PIIID7 monodromy manifold (see
Appendix A):
(4.142) X3X2X1 −X22 −X23 − aX2 +X3 = 0.
Corollary 4.13. Define Xˆi = eXie, i = 1, 2, 3, where X1, X2, X3 are defined by
(4.139) and
e = 1 + T1.
Then Xˆ1, Xˆ2, Xˆ3 generate the spherical sub-algebra eHD7IIIe, they satisfy the quan-
tum commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = 0,(4.143)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 =
(
q − 1
q
)
Xˆ2 −
(
q
1
2 − q− 12
) a√
q
e,
and the quantum cubic cubic relation:
(4.144) q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ22 − qXˆ23 + aXˆ2 −
1√
q
Xˆ3 = 0.
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4.5. Spherical sub–algebra of HIIID8 and PIIID8 monodromy manifold.
Here all proofs are a simple limit as a→ 0 of the proofs of the previous Sub-section
and will be omitted.
Lemma 4.14. The generators X,W, T0, T1 of the confluent Cherednik algebra HIIID8
satisfy the following relations
T1XT1 = 0, (T1 + 1)W (T1 + 1) = 0,(4.145)
T0WT0 = −1
q
T0, T0XT0 = T0.(4.146)
Proposition 4.15. The following three elements:
X1 = X +W,
X2 = T1T0 + T0(T1 + 1)(4.147)
X3 =
q
q2 − 1
(
q1/2X2X1 − q−1/2X1X2
)
− 1
q + 1
((√
q − 1√
q
)
T1 +
√
q
)
,
commute with e = 1 + T1, satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 +
q − 1
q
((√
q − 1√
q
)
T1 +
√
q
)
,
q
1
2X3X2 − q− 12X2X3 = 0,(4.148)
q
1
2X1X3 − q− 12X3X1 = (q − 1
q
)X2,
and the quantum cubic relation:
(4.149) q
1
2X2X1X3 − qX22 − qX23 + (q−
1
2T1 − q 12 (T1 + 1))X3 = 0.
Corollary 4.16. In the limit q → 1, the elements X1, X2, X3 become central
and the cubic relation (4.149) tends to the the PIIID8 monodromy manifold (see
Appendix A):
(4.150) X3X2X1 −X22 −X23 +X3 = 0.
Corollary 4.17. Define Xˆi = eXie, i = 1, 2,, where X1, X2, X3 are defined by
(4.147) and
e = 1 + T1.
Then Xˆ1, Xˆ2 generate the spherical sub-algebra eHIIID8 e, the satisfy the quantum
commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 − q − 1√
q
e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = 0,(4.151)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 =
(
q − 1
q
)
Xˆ2,
and lie on the following quantum cubic
(4.152) q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ22 − qXˆ23 −
1√
q
Xˆ3 = 0.
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4.6. Spherical sub–algebra of HII and PII monodromy manifold.
Proposition 4.18. The following three elements:
X1 = X +W, X2 = −b(T0 + 1)T−11 − 1bT1T0,(4.153)
X3 = −
√
q
b
(
WT0T1 +XT1T0 − 1√qT1
)
(4.154)
commute with e = 1+T11+b2 , satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q − 1
q
)
X3 +
(
q
1
2 − q− 12
)(
− 1√
qb
T1 +
√
qbT−11
)
,
q
1
2X3X2 − q− 12X2X3 = −
(
q
1
2 − q− 12
)
,
q
1
2X1X3 − q− 12X3X1 = 0,
and the quantum cubic relation:
(4.155) q
1
2X2X1X3 − qX23 +
1√
q
X1 +
√
q
(
− 1√
qb
T1 +
√
qbT−11
)
X3 + 1 = 0
Corollary 4.19. In the limit q → 1 the elements X1, X2, X3 belong to the centre
of HII and the cubic relation (4.155) tends to the PII monodromy manifold (see
Appendix A):
(4.156) X1X2X3 −X23 +X1 +
(
b− 1
b
)
X3 + 1 = 0.
Corollary 4.20. The elements Xˆi = eXie, i = 1, 2, 3, where X1, X2, X3 are de-
fined by (4.153), generate the spherical sub-algebra eHIIe, satisfy the quantum
commutation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 =
(
q − 1
q
)
Xˆ3 −
(
q
1
2 − q− 12
)
ω3e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = −
(
q
1
2 − q− 12
)
e,(4.157)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 = 0,
and the quantum cubic relation
q
1
2 Xˆ2Xˆ1Xˆ3 − qXˆ23 +
1√
q
Xˆ1 +
√
qω3Xˆ3 + e = 0,(4.158)
where
(4.159) ω3 =
(
b√
q
−
√
q
b
)
.
4.7. Spherical sub–algebra of HI and PI monodromy manifold.
Proposition 4.21. The following three elements:
X1 = Vˇ1V1 + V1(Vˇ1 + 1),
X2 = Vˇ1V0 + (V0 + 1)(Vˇ1 + 1)(4.160)
X3 = q
1/2V1V0 + q
−1/2(V0 + 1)V1,
commute with e = 1 + Vˇ1, satisfy the following quantum commutation relations:
q
1
2X2X1 − q− 12X1X2 =
(
q
1
2 − q− 12
)
(q−
1
2 Vˇ1 − q 12 (Vˇ1 + 1)),
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q
1
2X3X2 − q− 12X2X3 = −
(
q
1
2 − q− 12
)
,
q
1
2X1X3 − q− 12X3X1 = 0,
and the quantum cubic relation:
(4.161) q
1
2X2X1X3 +
1√
q
X1 −√q(q− 12 Vˇ1 − q 12 (Vˇ1 + 1))X3 + 1 = 0.
Corollary 4.22. In the limit q → 1 the elements X1, X2, X3 belong to the centre
of HI and the cubic relation (4.161) tends to the PI monodromy manifold (see
Appendix A):
(4.162) X1X2X3 +X1 +X3 + 1 = 0.
Corollary 4.23. The elements Xˆi = eXie, i = 1, 2, 3, whereX1, X2, X3 are defined
by (4.160), generate the spherical sub-algebra eHIe, satisfy the quantum commu-
tation relations:
q
1
2 Xˆ2Xˆ1 − q− 12 Xˆ1Xˆ2 = −
(
q
1
2 − q− 12
)√
q e,
q
1
2 Xˆ3Xˆ2 − q− 12 Xˆ2Xˆ3 = −
(
q
1
2 − q− 12
)
e,(4.163)
q
1
2 Xˆ1Xˆ3 − q− 12 Xˆ3Xˆ1 = 0,
and the quantum cubic relation
q
1
2 Xˆ2Xˆ1Xˆ3 +
1√
q
Xˆ1 + qXˆ3 + e = 0.(4.164)
5. Embedding of the (confluent) Cherednik algebras into Mat(2,Tq)
In this section we give an embedding for H, HV , HIV , HIII and HII into
Mat(2,Tq). The proof of such embedding is based on the Lusztig-Demazure pre-
sentation given in the following:
Lemma 5.1. The algebras H,HV ,HIV ,HIII ,HII are the algebras generated by
five elements T±1, X,W, Y, Z, where
(5.165) T = T1, Y = T1T0,
and
(5.166) Z =

(T0 +
cd
q + 1)(T1 + ab+ 1), for H,
(T0 + 1)(T1 + ab+ 1), for HV ,
(T0 + 1)(T1 − b2 + 1), for HIV ,HII ,
T0(T1 + ab+ 1), for HIII ,
satisfying the following relations respectively:
• H
XW =WX = 1,(5.167)
Y Z = ZY = 1,(5.168)
XT + abT−1W + a+ b = 0,(5.169)
ZT +
q
cd
T−1Y + 1+
q
cd
= 0,(5.170)
(T + ab)(T + 1) = 0,(5.171)
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Y X = − q
ab
T 2XY − q
(
1
a
+
1
b
)
TY −
(
1 +
cd
q
)
TX + (c+ d)T.(5.172)
• HV
WX = XW = 1,(5.173)
ZY = Y Z = 0,(5.174)
XT + abT−1W + a+ b = 0,(5.175)
ZT + T−1Y + 1 = 0,(5.176)
(T + ab)(T + 1) = 0,(5.177)
Y X = − q
ab
T 2XY − q
(
1
a
+
1
b
)
TY − TX + cT.(5.178)
• HIV :
WX = XW = 0,(5.179)
ZY = Y Z = 0,(5.180)
XT = b2T−1W − b,(5.181)
ZT + T−1Y + 1 = 0,(5.182)
(T − b2)(T + 1) = 0,(5.183)
Y X =
q
b2
T 2XY +
q
b
TY − TX + cT.(5.184)
• HIII :
WX = XW = 1,(5.185)
ZY = Y Z = 0,(5.186)
XT + abT−1W + a+ b = 0,(5.187)
ZT + T−1Y = 0,(5.188)
(T + ab)(T + 1) = 0,(5.189)
Y X = − q
ab
T 2XY − q
(
1
a
+
1
b
)
TY − T.(5.190)
• HII :
WX = XW = 0,(5.191)
ZY = Y Z = 0,(5.192)
XT = b2T−1W,(5.193)
ZT + T−1Y + 1 = 0,(5.194)
(T − b2)(T + 1) = 0,(5.195)
Y X =
q
b2
T 2XY − TX −√qT.(5.196)
Proof. ForH, see Proposition 6.6 in [35]. For the other cases, it is enough to observe
that since T is invertible, we can always invert relations (5.165) to define T0 =
T−1Y . To check that the algebra relations in theX,W, T0, T1 presentation imply the
ones in the X,W, T, Y, Z one and vice-versa is a straightforward computation. 
Theorem 5.2. The map:
(5.197) T →
(
0
√
ab eS1
−
√
ab e−S1 −1− ab
)
,
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(5.198)
X →

(√
a
b −
√
b
a
)
e−S1 + q e−S1e−S2 + 1q e
−S1eS2 −
(√
1
ab +
√
ab
)
eS2 −q eS1eS2
−
(√
a
b −
√
b
a
)
e−S1 − 1q e−S1eS2 +
(√
1
ab +
√
ab
)
eS2 q eS1eS2
 ,
W →
 eS1eS2(√
a
b −
√
b
a
)
e−S1 + e−S1eS2 −
(√
1
ab +
√
ab
)
eS2
eS1eS2(√
a
b −
√
b
a
)
e−S1 + e−S1e−S2 + e−S1eS2 +
(√
1
ab +
√
ab
)
eS2
 ,(5.199)
Y →
( (
1 + cdq
)√
ab eS1 −
√
ab c e−S2 −
√
ab d e2S1eS2
− (1+ab)(cd+q)q + (1 + ab)c e−S1e−S2 + (1 + ab)d eS1eS2 +
√
ab q+cdq e
−S1 −
√
ab d eS2
−
√
ab d e2S1eS2
(1 + ab)d eS1eS2 −
√
ab d eS2
)
,
(5.200)
and
Z →
( (
1 + 1ab
)
q
ce
S1eS2 − 1√
ab c
eS2
(1+ab)(cd+q)
abcd −
(
1 + 1ab
) (
q
de
−S1e−S2 + qc e
S1eS2
)− (cd+q)√
ab cd
e−S1 + 1√
ab c
eS2
q2√
ab c
e2S1eS2
(cd+q)√
ab cd
eS1 − 1√
ab d
e−S2 − q2√
ab c
e2S1eS2
)
,
(5.201)
where S1, S2 satisfy the following commutation relations:
(5.202) [S1, S2] = ipi~,
and q = e−iπ~, gives an embedding of H into Mat(2,Tq). In particular, the im-
ages of X,W, T, Z, T in GL(2,Tq) satisfy the relations (5.167,. . . ,5.172) where the
quantum ordering is dictated by the matrix product ordering5.
Proof. First of all, note that since where S1, S2 satisfy the commutation relations
(5.202), their exponentials satisfy the quantum torus commutation relations:
eS2eS1 = qeS1eS2 ,
for q = e−iπ~ and therefore the images of X,W, T, Z, T belong to Mat(2,Tq). To
prove that these images satisfy the relations (5.167,. . . ,5.172) in which the quantum
ordering is dictated by the matrix product ordering is a straightforward computa-
tion.
To prove that the map H → Mat(2,Tq) defined by (5.197), (5.198), (5.199),
(5.200),(5.201) is injective we need to prove that the images of
{XmY n}n,m∈Z ∪ {TXmY n}n,m∈Z ,
5By this we mean that the product AB of two matrices A,B whose entries are in Tq is computed
by keeping the entries of A on the left matrix of the entries of B.
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are all linearly independent. To this aim, it is straightforward to prove by induction
that for any m ≥ 0, n ≥ 0, XmY n always contains terms with
e−mS1, . . . , e−S1 , eS1 . . . , e(m+2n−2)S1 , e−(m+n)S2 , . . . e−S2 , eS2 , . . . e(m+n−1)S2 ,
and that for any m ≥ 0, n ≥ 0, TXmY n always contains terms with
e−(m+1)S1, . . . , e−S1 , eS1 , . . . , e(m+2n−1)S1 , e−(m+n)S2 , . . . e−S2 , eS2 , . . . , e(m+n−1)S2.
Since {ekS1 , emS2}n,m∈Z are linearly independent, it automatically follows that
the images of {XmY n}n,m∈Z≥0 and {TXmY n}n,m∈Z≥0 are all linearly indepen-
dent. In a similar way it can be proved that the images of {TXmY n}n,m∈Z≤0 and
{XmY n}n,m∈Z≤0 are all linearly independent.
To show that all the images of {XmY n}n,m∈Z ∪ {TXmY n}n,m∈Z are linearly
independent we proceed by contradiction. Assume that there exists a finite linear
combination which gives zero:∑
n,m
an,mX
mY n +
∑
n,m
bn,mTX
mY n = 0,
take
n0 = min{n|an,m or bn,m 6= 0}, m0 = max{l|an,m or bn,m 6= 0}.
and multiply the above relation by Y −n0X−m0. Then we obtain a zero linear
combination the set {TXmY n}n,m∈Z≥0 ∪ {XmY n}n,m∈Z≥0 , which is absurd. 
Theorem 5.3. The map given by the same formulae as Theorem 5.2 for T , X and
W and by
(5.203) Y →
( √
ab eS1 −
√
ab c e−S2 0
−(1 + ab) + (1 + ab)c e−S1e−S2 +√ab e−S1 0
)
(5.204) Z →
(
0 0
ab+1
ab − cab+1ab e−S1e−S2 − 1√abe−S1
1√
ab
eS1 − c
q
√
ab
e−S2
)
where S1, S2 satisfy the commutation relations (5.202), gives an embedding of HV
into Mat(2,Tq).
Proof. We can prove that the images of {TXmY n}n∈Z≥0,m∈Z∪{XmY n}n∈Z≥0,m∈Z
are all linearly independent in the same way as in the proof of Theorem 5.2. To
prove that the images of
{TXmY n}n∈Z≥0,m∈Z∪{XmY n}n∈Z≥0,m∈Z∪{TXmZn}n∈Z≥0,m∈Z∪{XmZn}n∈Z≥0,m∈Z
are linearly independent, we proceed by contradiction: we assume that there exists
a finite linear combination which gives zero:∑
n,m
an,mX
mY n +
∑
n,m
bn,mTX
mY n +
∑
n,m
cn,mX
mZn +
∑
k,l
dn,mTX
mZn = 0,
in which at least one cn,m or dn,m is non zero for n > 0. Since the second column
of Y is identically zero, all elements in {TXmY n}n∈Z>0,m∈Z ∪ {XmY n}n∈Z>0,m∈Z
have the second column identically equal to zero. This means that the 12 and 22
elements of∑
m
a0,mX
m +
∑
m
b0,mTX
m +
∑
n,m
cn,mX
mZn +
∑
k,l
dn,mTX
mZn
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must be 0. We can prove by induction that the 12 elements of Xm and TXm
contain terms
e−S1 , eS1 . . . , emS1 , e−S2 , eS2 , . . . emS2 ,
while the 22 elements don’t contain e−S2 either. The 12 and 22 elements of XmZn
and TXmZn contain terms
e−S1 , eS1 . . . , e(m+n)S1 , e−S2 , eS2 , . . . emS2 .
By using the fact that {ekS1 , emS2}n,m∈Z are linearly independent, we conclude. 
Theorem 5.4. The map:
(5.205) T →
(
0 ib eS1
−ib e−S1 −1 + b2
)
,
(5.206) X →
( −i e−S1 + 1q e−S1eS2 − i (b− 1b ) eS2 −q eS1eS2
i e−S1 − 1q e−S1eS2 + i
(
b− 1b
)
eS2 q eS1eS2
)
(5.207)
W →
(
eS1eS2 eS1eS2
−ie−S1 + e−S1eS2 − i (b− 1b ) eS2 −ie−S1 + e−S1eS2 − i (b− 1b ) eS2
)
(5.208) Y →
(
ib eS1 − ibc e−S2 0
b2 − 1 + ib e−S1 + c(1− b2)e−S1e−S2 0
)
,
(5.209) Z →
(
0 0(
1− 1b2
) (
1− c e−S1e−S2)+ ibe−S1 − ibeS1 + icqbe−S2
)
,
where S1, S2 satisfy the commutation relations (5.202), gives an embedding of HIV
into Mat(2,Tq).
Proof. The proof of this Theorem is very similar to the proof of Theorem 5.3, except
that in this case we need to prove that the images of
{XmY n}m,n∈Z≥0 ∪ {XmTY n}m,n∈Z≥0 ∪ {XmZn}m,n∈Z≥0 ∪ {XmTZn}m,n∈Z≥0 ∪
∪{WmY n}m,n∈Z≥0 ∪ {WmTY n}m,n∈Z≥0 ∪ {WmZn}m,n∈Z≥0 ∪ {WmTZn}m,n∈Z≥0
are all linearly independent. The only novelty is that now instead of negative powers
of X , we have positive powers of W . 
Theorem 5.5. The map given by the same formulae as Theorem 5.2 for T , X and
W and by
(5.210) Y →
( √
ab e−S2 0
−(1 + ab)e−S1e−S2 0
)
(5.211) Z →
(
0 0
ab+1
ab e
−S1e−S2 1
q
√
ab
e−S2
)
where S1, S2 satisfy the commutation relations (5.202), gives an embedding of HIII
into Mat(2,Tq).
Proof. The proof of this Theorem follows the same lines as the one of Theorem
5.3. 
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Theorem 5.6. The map given by the same formulae as Theorem 5.4 for T , Y and
Z and by
(5.212) X →
( 1
q e
−S1eS2 − i (b− 1b ) eS2 −q eS1eS2
− 1q e−S1eS2 + i
(
b− 1b
)
eS2 q eS1eS2
)
(5.213) W →
(
eS1eS2 eS1eS2
e−S1eS2 − i (b− 1b ) eS2 e−S1eS2 − i (b− 1b ) eS2
)
gives an embedding of HII into Mat(2,Tq).
Proof. The proof of this Theorem follows closely the proof of Theorem 5.4, so we
omit it. 
6. Confluent Zhedanov algebras and q-Askey scheme
In this Section we prove that the spherical sub-algebra of each confluent Chered-
nik algebra is isomorphic to the corresponding confluent Zhedanov algebra quo-
tiented by its Casimir. Moreover we give a faithful representation of the confluent
Zhedanov algebras and show that they act as symmetries of some elements of the
q-Askey scheme. Throughout this section many results on basic hypergeometric
polynomials are used, they can be found in [23] (see also [1] and [17] and references
therein). Throughout this Section we assume qm 6= 1, ∀m ∈ Z.
Before stating the isomorphism theorem we need to give the Casimir element for
each confluent Zhedanov algebra:
Lemma 6.1. For each index d = V, IV, III, IIID7 , IIID8 , II, I, the Zhedanov al-
gebra Zd can be equivalently described as the algebra with two generators K0,K1
and two relations:
(q + q−1)K1K0K1 −K21K0 −K0K21 = BK1 +
(
q − q−1)2K0 +D0,
(q + q−1)K0K1K0 −K20K1 −K1K20 = BK0 +D1,(6.214)
where the parameters B, C0, D0 and D1 are chosen like in (1.52), and admits the
following Casimir:
C = (K1K0)2 − (q2 + 1 + q−2)K0K1K0K1 + (q + q−1)
(
q − q−1)2K20 +
+(q + q−1)K20K
2
1 +B
(
(q + 1 + q−1)K0K1 +K1K0
)
+
+(q + 1 + q−1)(D0K0 +D1K1).
Let us consider the quotiented Zhedanov algebra Zd/〈C = C0〉. Then we have
the following:
Theorem 6.2. For each index d = V, IV, III, IIID7 , IIID8 , II, I the map:
i : Zd/〈C = C0〉 → eHde,
defined by
i(K0) := i
√
abXˆ2, i(K1) := Xˆ1, i(1) := e(6.215)
i(K2) = i
√
ab
(
q − 1
q
)
Xˆ3 +
√
q
1 + q
B e,
where the parameters B,C0, D0, D1 are given in terms of the confluent Cherednik
algebra parameters a, b, c according to the formulae in table 1 below, is an algebra
isomorphism.
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B C0 D0 D1
ZV (q−1)
2(c(1+ab/q)+a+b)
q
(
q − 1q
)2
− (q−1)2(q+1)((a+b)c+q+ab)q2 − (q−1)
2(q+1)abc
q2
ZIV (q−1)
2(c(q−b2)+bq)
q2 0 − (q−1)
2(q+1)
q2 bc
(q−1)2(q+1)
q2 b
2c
ZIII − (q−1)
2
q (1 + ab/q)
(
q − 1q
)2
(q−1)2(q+1)
q2 (a+ b) 0
ZD7III − (q−1)
2
q
(
q − 1q
)2
(q−1)2(q+1)
q2 a 0
ZD8III − (q−1)
2
q
(
q − 1q
)2
0 0
ZII − (q−1)
2
q2 (q − b2)
√
q 0 0 − (q−1)2(q+1)q2 b2
√
q
ZI − (q−1)
2
√
q 0 0 0
Table 1. Values of the parameters B,C0, D0, D1 in each conflu-
ent Zhedanov algebra in terms of the confluent Cherednik algebra
parameters a, b, c.
Proof. To prove that i is surjective it is enough to show that the relations (6.214)
for each Zd are mapped by i to the corresponding quantum commutation relations
for Xˆ1, Xˆ2, Xˆ3 in eHde, where d = II, III, IIID7 , IIID8 , IV, V . This is a straight-
forward but lengthy computation that we omit for brevity. Note that in the case
of ZI(C0) the proof remains conjectural because both a and b are zero in that case,
so that we have no way to deduce Xˆ3 from K0,K1,K2.
To prove that the map i is injective, we only need to prove that in each spherical
sub-algebra eHde, where d = II, III, IIID7 , IIID8 , IV, V , the are no other relations
a part from the quantum commutation relations for Xˆ1, Xˆ2, Xˆ3 and the quantum
cubic relation. Let us illustrate how to proceed in the case of eHV e. We can use the
cubic relation (4.122) to define e in terms of Xˆ1, Xˆ2, Xˆ3. Then we use the quantum
commutation relations (4.121) to order all words in the form Xˆn1 Xˆ
m
2 Xˆ
k
3 . If there is
a further relation, this will necessarily have the following form:∑
m,n,k∈Z≥0
am,n,kXˆ
n
1 Xˆ
m
2 Xˆ
k
3 = 0.
To prove that this can only be satisfied by choosing am,n,k = 0 ∀m,n, k ∈ Z, we
use the embedding Theorem 5.3 and show by induction the image of each element
Xˆn1 Xˆ
m
2 Xˆ
k
3 contains the following terms:
e−(k+n+1)S1 , . . . , e−S1 , eS1 , . . . , e(n+m+1)S1, e−(2k+n+m)S2 , . . . , e−S2 , eS2 , . . . , enS2 .
Since {ekS1 , emS2}n,m∈Z are linearly independent, it follows that the images of
Xˆn1 Xˆ
m
2 Xˆ
k
3 are all linearly independent. In fact let n0 = max{n : am,n,k 6= 0}. If
n0 > 0, then we have terms e
n0S1 that can’t be eliminated by any other term. This
proves that n0 = 0. Let m0 = max{m : am,n,k 6= 0}, then m0 = 0 as otherwise we
have terms with e(m0+1)S2 that can’t be eliminated by any other term. Similarly,
k0 = max{k : am,n,k 6= 0}, then k0 = 0 as otherwise we have terms with e−(k0+1)S1
that can’t be eliminated by any other term.
The proof for all other cases eHIV e, eHIIIe, eHIIe follows the same reasoning
and we omit it.
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To prove the statement in the case of the two algebras eHIIID7 e and eHIIID8 e,
we observe that they are special cases of eHIIIe for b = 0 and a = b = 0 respectively.
Bearing this in mind, we can prove that the two algebras eHIIID7 e and eHIIID8 e
can be embedded in to Mat2(Tq) and follow the same reasoning as above. 
Now in each case we give a faithful representation the confluent Zhedanov alge-
bras either on the space of symmetric Laurent polynomials Lsym or on the space of
polynomials P . In order to prove that our representation is faithful, we need first
the following lemma:
Lemma 6.3. The quotiented Zhedanov algebra Zd/〈C = C0〉, has elements
Kn0 (K1K0)
lKm1 , m, n = 0, 1, 2, 3, . . . , l = 0, 1,
as a basis.
Proof. The proof is the same as in the non–confluent case see the results contained
in Section 2 of [24]. 
We will give the proofs only in the first case, i.e. for ZV . All other proofs are
similar and therefore will be omitted for brevity.
6.1. Representation of ZV and continuous dual q-Hahn polynomials.
Lemma 6.4. The confluent Zhedanov algebra ZV /〈C = C0〉 admits the following
representation on the space Lsym of symmetric Laurent polynomials:
(K1f)[x] := (x+
1
x
)f [x],(6.216)
(K0f)[x] :=
(1− ax)(1 − bx)(1− cx)
(1 − x2)(1 − qx2) (f [qx]− f [x]) + f [x]−
−x(a− x)(b − x)(c − x)
(1− x2)(q − x2) (f [q
−1x]− f [x]).(6.217)
Proof. By expressing the confluent Zhedanov algebra structure constants by the pa-
rameters a, b, c: it is a straightforward computation (see notebook 8 in [28]) to prove
that the operators satisfy the relations (1.49,1.50,1.51),with constants B,C1, D0, D1
given in table 1. 
Lemma 6.5. The continuous dual q-Hahn polynomials:
pn(x; a, b, c, d) :=
(ab, ac; q)n
an
3φ2
(
q−n, ax, ax−1
ab, ac,
; q, q
)
,
where a = −u1k1 , b = u1k1, c = −
√
q
u0
, are eigenfunctions of the K0 operator:
K0pn = q
−npn.
Proof. Note that the confluent Zhedanov algebra ZV /〈C = C0〉 is obtained as the
limit for d → 0 of the general Zhedanov algebra Z/〈C = C0〉. Analogously, the
representation (6.216, 6.217) is the limit as d→ 0 of the representation (2.58,2.59)
of the general Zhedanov algebra and the continuous dual q-Hahn polynomials are
obtained as limit for d→ 0 of the Askey–Wilson polynomilas. As a consequence this
proof follows from the fact that the Askey–Wilson polynomials are eigenfunctions
of the operator K0 defined by (2.59). 
Lemma 6.6. The representation (6.216,6.217) is faithful.
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Proof. This proof follows the same lines as the proof of Theorem 2.2 in [24], where
we replace the Askey-Wilson polynomials by the dual q-Hahn polynomials. 
6.2. Big q–Jacobi polynomials. In order to understand the relation between
the confluent Zhedanov algebra ZV and the Big q-Jacobi polynomials, we use the
confluent version of the Cherednik algebra automorphism γ defined in sub–section
2.1. As shown in Section 3.1, in the confluent limit, γ defines an algebra isomor-
phism (3.109) mapping HV to HγV given by (3.110,3.1113.1123.1133.114). On the
confluent Zhedanov algebra we obtain the following result:
Lemma 6.7. The transformation
γ(K0,K1) =
(
k1u1K1,
1
u1
(
K0 +
q
3
2
(q + 1)(q − 1)2 [K2,K1]
))
,
is an isomorphism mapping ZV to ZγV , which is the algebra generated by Kγ0 ,Kγ1
with relations:
(q + q−1)Kγ1K
γ
0K
γ
1 − (Kγ1 )2Kγ0 −Kγ0 (Kγ1 )2 = BγKγ1 +Dγ0 ,(6.218)
(q + q−1)Kγ0K
γ
1K
γ
0 − (Kγ0 )2Kγ1 −Kγ1 (Kγ0 )2 = BγKγ0 + Cγ1Kγ1 +Dγ1 ,
for some arbitrary constants Bγ , Cγ1 , D
γ
0 and D
γ
1
6.
Proof. It is a straightforward computation to prove that on the spherical sub–
algebra eHV e the isomorphism γ acts as follows:
γ(Xˆ1, Xˆ2, Xˆ3) =
( √
q
q − 1[Xˆ3, Xˆ1] + Xˆ2, Xˆ1, Xˆ3
)
.
By using the isomorphism i : ZV /〈C = C0〉 → eHV e obtained in theorem 6.2 we
can deduce the result. 
Lemma 6.8. The confluent Zhedanov algebra ZγV /〈C = C0〉 admits the following
representation on the space P of polynomials:
(Kγ1 f)[x] := x f [x],(6.219)
(Kγ0 f)[x] :=
q
(
λc˜x+ a˜(x(1 + b˜)− c˜(1 + q − λx))
)
λ2x2
f [x] +(6.220)
+
(λx− qa˜)(λx − qc˜)
λ2x2
f
[
x
q
]
+
q(λx − 1)a˜(b˜λx − c˜)
x2
f [qx].
Proof. Indeed the generators defined by (6.219, 6.220) satisfy the relations (6.218)
for
Bγ = (q − 1)2 c˜+ a˜(1 + b˜+ c˜)
λ
, Dγ0 = −(q + 1)(q − 1)2
a˜c˜
λ2
,
Cγ1 = q
(
q − 1
q
)2
a˜b˜, Dγ1 = −(q − 1)2(q + 1)
a˜(c˜+ b˜(1 + a˜+ c˜))
λ
.
see notebook 9 in [28]). 
The proof of the following two results is obtained by taking substituting x→ xε ,
a → ελ, b → a˜qελ , c → c˜qελ , d→ ελ b˜c˜ and taking the limit as ε → 0 in the analogous
results for the Askey Wilson polynomials in [24].
6Only three of these are independent, as one constant can be rescaled to any arbitrary value
by rescaling the generators.
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Lemma 6.9. The big q–Jacobi polynomials:
Pn(x; a, b, c, d) := 3φ2
(
q−n, abqn+1, x
aq, cq,
; q, q
)
,
are eigenfunctions of the K0 operator:
K0Pn[λx] =
1 + q2n+1ab
qn
Pn[λx].
Lemma 6.10. The representation (6.219,6.220) is faithful.
Remark 6.11. We have introduced an arbitrary parameter λ in our representation
to account for the freedom of direction of confluence. This freedom will be used
later on to produce exact matches between parameters in the polynomials and
parameters in the confluent Zhedanov algebras,
6.3. Representation of ZIV and Big q–Laguerre Polynomials. Note that the
algebra HIV can be obtained as limit of the algebra HγV by rescaling V γ0 → 1εV γ0 ,
Vˇ0
γ → 1ε Vˇ0
γ
, k0 → ε, u0 → εu0. This shows that the confluent Zhedanov algebra
ZIV can be obtained from ZγV in the limit b→ 0. This leads to the following results:
Lemma 6.12. The confluent Zhedanov algebra ZIV /〈C = C0〉 admits the following
representation on the space P of polynomials:
(K1f)[x] := x f [x],(6.221)
(K0f)[x] :=
q (λc˜x+ a˜(x − c˜(1 + q − λx)))
λ2x2
f [x] +(6.222)
+
(λx− qa˜)(λx − qc˜)
λ2x2
f
[
x
q
]
− q(λx − 1)a˜c˜
x2
f [qx].
Proof. Indeed the generators defined by (6.221, 6.222) satisfy the relations (6.214)
for
B = (q − 1)2 c˜+ a˜(1 + c˜)
λ
, Dγ0 = −(q + 1)(q − 1)2
a˜c˜
λ2
,
D1 = −(q − 1)2(q + 1) a˜c˜
λ
,
(see notebook 10 in [28]). Choosing a˜ = − b2q , c˜ = − bcq , λ = −b, we find that these
formulae are the same as the ones in Table 1. 
Lemma 6.13. The big q–Laguerre polynomials:
Pn(x; a˜, c˜, q) := 3φ2
(
q−n, 0, x
a˜q, c˜q,
; q, q
)
,
are eigenfunctions of the K0 operator:
K0Pn[λx] = q
−nPn[λx].
Lemma 6.14. The representation (6.221,6.222) is faithful.
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6.4. Representation of ZIII and Al–Salam-Chihara Polynomials.
Lemma 6.15. The confluent Zhedanov algebra ZIII admits the following repre-
sentation on the space Lsym of symmetric Laurent polynomials:
(K1f)[x] := (x+
1
x
)f [x],(6.223)
(K0f)[x] := x
(1− ax)(1 − bx)
(1 − x2)(1− qx2) (f [qx]− f [x]) +
+x
(a− x)(b − x)
(1− x2)(q − x2) (f [q
−1x]− f [x]).(6.224)
Proof. By expressing the confluent Zhedanov algebra structure constants by the
parameters a, b, c as in Table 1, it is a straightforward computation (see notebook
11 in [28]) to prove that the operators (6.223,6.224) satisfy (6.214). 
Lemma 6.16. The Al-Salam-Chihara polynomials:
Qn(x; a, b, d) :=
(ab; q)n
an
3φ2
(
q−n, ax, ax−1
ab, 0,
; q, q
)
,
are eigenfunctions of the following operator
Kβ0 :=
q
q2 − 1
(
K0K1 − qK1K0 − (a+ b)(q − 1)
q
)
,
with eigenvalues
1
qn
− 1 + 1 + a+ b− ab
q + 1
.
Remark 6.17. Note that now the operatorK0 does not act nicely on the Al-Salam-
Chihara polynomials; we had to replace it by the new operator Kβ0 . This is due to
the fact that in terms of generators T0, T1, X,W and parameters a, b, the algebra
HIII is obtained as a limiting case of HV for c→∞, while the Al–Salam–Chihara
polynomials are obtained by the continuous dual q–Hahn polynomials in the limit
c→ 0. In order to match these two asymptotics, we need to perform the following
transformation of the HIII algebra:
β(T0, T1, X) = (
√
qWT0 − 1, T1, X) .
This transformation is an isomorphism between the algebra HIII in the represen-
tation (1.16,. . . ,1.20) and the algebra HβIII generated by T0, T1, X,W and relations
(1.16), (1.17), (1.19) and the algebra:
T 20 + T0 = 0,(6.225)
qT0W = X(T0 + 1),(6.226)
which is obtained from the HV algebra as c→ 0. This transformation acts on the
confluent Zhedanov algebra ZIII as follows:
β(K0,K1) = (K
β
0 ,K1).
Lemma 6.18. The representation (6.223,6.224) is faithful.
Proof. We use the same idea as in the remark above and prove all statements as
limits for c → 0 of the analogous statements for the algebra HV and the dual
q–Hahn polynomials. 
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6.5. Representation of ZD7III and continuous Big q-Hermite Polynomials.
Note that the algebra HD7III can be obtained as limit of the algebra HIII by taking
the limit b → 0 and c → 1 (see notebook 12 in [28]). This leads to the following
results:
Lemma 6.19. The confluent Zhedanov algebra admits the following representation
on the space Lsym of symmetric Laurent polynomials:
(K1f)[x] := (x+
1
x
)f [x],(6.227)
(K0f)[x] := x
(1− ax)
(1 − x2)(1 − qx2) (f [qx]− f [x])−
x2
(a− x)
(1− x2)(q − x2) (f [q
−1x]− f [x]).(6.228)
Lemma 6.20. The continuous big q-Hermite polynomials:
Hn(x; a, b, c, d) :=
1
an
3φ2
(
q−n, ax, ax−1
0, 0,
; q, q
)
,
are eigenfunctions of the following operator
Kβ0 :=
q
q2 − 1
(
K0K1 − qK1K0 − a(q − 1)
q
)
,
with eigenvalues
1
qn+1
− 1 + a
q + 1
.
Lemma 6.21. The representation (6.227,6.228) is faithful.
6.6. Representation of ZD8III and continuous q-Hermite Polynomials. Note
that the algebra HD8III can be obtained as limit of the algebra HD7III by taking the
limit a→ 0. This leads to the following results (see notebook 13 in [28]):
Lemma 6.22. The confluent Zhedanov algebra ZD8III admits the following repre-
sentation on the space Lsym of symmetric Laurent polynomials:
(K1f)[x] := (x+
1
x
)f [x],(6.229)
(K0f)[x] := x
1
(1 − x2)(1 − qx2) (f [qx]− f [x]) +
x3
1
(1− x2)(q − x2) (f [q
−1x]− f [x]).(6.230)
Lemma 6.23. The continuous q-Hermite polynomials:
Hn(x; a, b, c, d) := x
n
2φ0
(
q−n, 0
− ; q,
qn
x2
)
,
are eigenfunctions of the following operator
Kβ0 :=
q
q2 − 1 (K0K1 − qK1K0) ,
with eigenvalues
1
qn+1
− 1
q + 1
.
Lemma 6.24. The representation (6.229,6.230) is faithful.
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6.7. Representation of ZII and little q–Laguerre/Wall polynomials.
Lemma 6.25. The confluent Zhedanov algebra ZII/〈C = C0〉 admits the following
representation on the space P of polynomials:
(K1f)[x] := x f [x],(6.231)
(K0f)[x] :=
1 + a˜
λx
f [x] +
λx − 1
λx
f
[
x
q
]
− a˜
λx
f [qx].(6.232)
Proof. Indeed the generators defined by (6.231, 6.232) satisfy the relations (6.214)
with
B =
(q − 1)2(1 + a˜)
λq
, D1 = − (q − 1)
2(1 + q)
λq
a˜.
Choosing a˜ = − b2q , λ = −b, we find that these formulae are the same as the ones
in Table 1. 
The following results can be proved by taking c → − 1ε and x → qxε and letting
ε→ 0 in the results proved for ZIV (see also notebook 14 in [28]).
Lemma 6.26. The little q–Laguerre polynomials:
pn(x; a, c, d) := 3φ2
(
q−n, 0
aq,
; q, qx
)
,
are eigenfunctions of the K0 operator:
K0pn[x] = q
−npn[x].
Lemma 6.27. The representation (6.231,6.232) is faithful.
6.8. Representation of ZI and a special case of the little q–Laguerre/Wall
polynomials. The confluent Zhedanov algebra ZI can be obtained from ZII in
the limit a→ 0. This leads to the following results:
Lemma 6.28. The confluent Zhedanov algebra ZI/〈C = C0〉 admits the following
representation on the space P of polynomials:
(K1f)[x] := x f [x],(6.233)
(K0f)[x] :=
1
x
f [x] +
x− 1
x
f
[
x
q
]
,
with
(6.234) B =
(q − 1)2
q
.
Lemma 6.29. The little q–Laguerre polynomials with a = 0:
pn(x; 0, c, d) := 3φ2
(
q−n, 0
0,
; q, qx
)
,
are eigenfunctions of the K0 operator:
K0pn[x] = q
−npn[x].
Lemma 6.30. The representation (6.233,6.234) is faithful.
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Appendix A The Painleve´ monodromy manifolds
All the Painleve´ differential equations arise as monodromy preserving deforma-
tions of an auxiliary system of two first order ODEs [21, 22, 12, 13]. The monodromy
data of such auxiliary system are encoded in their monodromy manifolds which can
all be described by cubic surfaces in C3 defined by the zero locus of the following
polynomials in C[x1, x2, x3]:
PV I
x1x2x3 + x
2
1 + x
2
2 + x
2
3 − (G1G∞ +G2G3)x1 − (G2G∞ +G1G3)x2−
−(G3G∞ +G1G2)x3 +G21 +G22 +G23 +G2∞ +G1G2G3G∞ − 4,
PV
x1x2x3 + x
2
1 + x
2
2 − (G1G∞ +G2G3)x1 − (G2G∞ +G1G3)x2−
−G3G∞x3 +G2∞ +G23 +G1G2G3G∞,
P IV
x1x2x3 + x
2
1 − (G1G∞ +G2G3)x1 −G2G∞x2 −G3G∞x3+
+G2∞ +G1G2G3G∞,
P III x1x2x3 + x
2
1 + x
2
2 −G1G∞x1 −G2G∞x2 +G2∞,
P IIID7 x1x2x3 + x
2
1 + x
2
2 −G1G∞x1 −G2G∞x2,
P IIID8 x1x2x3 + x
2
1 + x
2
2 −G2G∞x2,
P II x1x2x3 + x
2
1 −G1G∞x1 −G2G∞x2 +G2∞,
P I x1x2x3 −G1G∞x1 −G2G∞x2 +G2∞,
whereG1, G2, G3, G∞ are some constants related to the parameters appearing in the
corresponding Painleve´ equation as described in [6]. Note that not all parameters
are independent is the above cubic polynomials: G∞ can be chosen arbitrarily in
the PV , PIII, PIIID7 , PIIID8 , PII and PI cubics, G2 can be chosen arbitrarily
in the PIIID7 , PIV , PII, PI cubics, G3 can be chosen arbitrarily in the PII, and
PI cubics. To match these cubics to the ones found as semiclassical limits of the
spherical sub-algebras of the confluent Cherednik algebras defined in this paper we
need to perform the following substitutions:
x1 =
{ −X2 for PV I, PV, PIII, PIIID7 , P IIID8 ,
−X3 for PIV, PII, PI,
x2 =
{ −X3 for PV I, PV, PIII, PIIID7 , P IIID8 ,
−X1 for PIV, PII, PI,
x3 =
{ −X1 for PV I, PV, PIII, PIIID7 , P IIID8 ,
−X2 for PIV, PII, PI,
G∞ =

−ik0 for PV I,
i for PV, PIII, PIIID7 , P IIID8 , P II
ic for PIV,
1 for PI,
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G3 =

−iu0 for PV I,
−ic for PV,
0 for PIII, PIIID7 , P IIID8 , P II, PI
−i for PIV,
G2 =

−ik1 for PV I, PV,
i
(√
ab+ 1√
ab
)
for PIII,
i for PIIID7 , P IIID8 , P II,
−i for PIV,
−1 for PI,
G1 =

−iu1 for PV I, PV,
i
(√
b
a +
√
a
b
)
for PIII,
−i (b− 1b ) for PIV,
i
(
b− 1b
)
for PII,
−ia for PIIID7 ,
0 for PIIID8 ,
1 for PI.
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